We present new constraints on anisotropic birefringence of the cosmic microwave background polarization using two seasons of data from the Atacama Cosmology Telescope covering 456 square degrees of sky. The birefringence power spectrum, measured using a curved-sky quadratic estimator, is consistent with zero. Our results provide the tightest current constraint on birefringence over a range of angular scales between 5 arcminutes and 9 degrees. We improve previous upper limits on the amplitude of a scale-invariant birefringence power spectrum by a factor of between 2 and 3. Assuming a nearly-massless axion field during inflation, our result is equivalent to a 2σ upper limit on the Chern-Simons coupling constant between axions and photons of gαγ < 4.0 × 10 −2 /HI where HI is the inflationary Hubble scale.
I. INTRODUCTION
The Atacama Cosmology Telescope (ACT) experiment, a 6-m diameter mm-band telescope located in the Atacama Desert in Chile, has completed several seasons of cosmic microwave background (CMB) polarization observations [1] . These observations have been used to derive a variety of scientific results, for example, via measurements of the CMB power spectrum [2] and gravitational lensing by large-scale structure [3, 4] . Beyond these observables, ACT's CMB polarization data can be used to test for new physics by searching for a rotation of linear polarization as the CMB photons propagate to us from the surface of last scattering. This phenomenon, which is absent in the Standard Model, is referred to as cosmic birefringence.
Several types of beyond-the-standard-model physics can source cosmic birefringence. In particular, birefringence of CMB photons can be generated by axion-like particles within a mass range of 10 −33 m a 10 −28 eV that couple to photons through a so-called Chern-Simons term (see e.g., [5] [6] [7] [8] [9] and a review, [10] ). * The existence of such axion-like particles is a generic prediction of string theory. In addition, birefringence-inducing pseudo-scalar fields could be candidates for an early dark energy mechanism to resolve the current Hubble parameter tension [12] . Cosmic birefringence can be used as a probe of, e.g., the axion string network [13] , axion dark matter [14] , and also more general Lorentz-violating physics in the context of Standard Model extensions [15] . Finally, cosmic birefringence can also be generated by primordial magnetic fields (PMFs) through Faraday rotation of the CMB polarization (e.g., [16] [17] [18] [19] [20] [21] ). The PMFsinduced cosmic birefringence has frequency dependence * Axion-like particles within a mass range of 10 −22 ma 10 −18 eV also introduce a time variation of the polarization angle rotation whose oscillation period is from hours to years, and can be tightly constrained by current and future CMB experiments as discussed in [11] .
and can be distinguished from that induced by axionlike particles. If the source of the cosmic birefringence is spatially varying, the polarization rotation will be anisotropic (i.e., have different values in different directions in the sky); indeed, anisotropies in the cosmic birefringence are produced naturally by many of the types of beyond-the-standard-model physics listed previously (see, e.g., [5, 15, [22] [23] [24] [25] ). For example, quintessence models predict both isotropic and anisotropic cosmic birefringence [24] . In addition, the cosmic birefringence induced by some massless scalar fields does not necessarily produce isotropic cosmic birefringence, and a measurement of the anisotropic birefringence is crucial to constrain such scenarios [26] . Measurements of, or tight constraints on, the relevant pseudo-scalar fields and other phenomena can hence provide valuable insights into fundamental physics.
Both isotropic and anisotropic cosmic birefringence have been constrained by several CMB experiments, although the observational effects on the CMB and the methodology to measure these two types of birefringence are different. The presence of isotropic cosmic birefringence can be detected in CMB observations because the polarization rotation transfers part of the CMB E mode polarization to B modes and thus creates non-zero oddparity EB power spectra. Such odd-parity EB power spectra are zero in the standard cosmological model and have been hence used for constraining isotropic cosmic birefringence [27] [28] [29] [30] . However, odd-parity power spectra have systematic uncertainties from the global polarization angle calibration [31] [32] [33] ; in fact, odd-parity spectra are often used to calibrate the global polarization angle rather than for measuring cosmological signals [34, 35] . Galactic foreground components in the observed odd-parity spectra can be used to partially break degeneracies between the global polarization angle error and cosmic birefringence effects [36] , although the signal-tonoise can decrease somewhat in this process.
On the other hand, if the cosmic birefringence is anisotropic, we can measure it not only using CMB power spectra [7] but also by using the fact that the EB correlation varies with direction, which is characteristic of statistical anisotropy [37] . Variations of the polarization rotation angle on angular scale L will mix together E and B modes of different scales, leading to non-zero expectation values in the off-diagonal (ℓ = ℓ ′ ) elements of the CMB covariance (see Eq. (5) below). † We can, therefore, reconstruct the anisotropies of the cosmic birefringence by measuring these off-diagonal correlations, in a manner similar to CMB lensing reconstruction [38] . Other pairs of CMB anisotropies such as temperature and Bmodes are also correlated, but such correlations generally give lower signal-to-noise for reconstructing birefringence [39] . We will therefore focus on birefringence reconstruction from EB correlations in this paper. Note that the cosmic birefringence and lensing can be estimated separately by using their distinct effects on polarization maps in terms of parity [37] ; birefringence introduces rotations with determinate directions and the resulting map is not parity-symmetric, whereas lensing arising from the scalar density field has even parity (see Sec. III for details).
Multiple publications have presented constraints on anisotropies of the cosmic birefringence using reconstruction methods; these have made use of the WMAP temperature and B-modes [26] , or the polarization data of the POLARBEAR [40] , BICEP2/Keck Array [41] , and Planck [42] experiments. The use of the reconstructed cosmic birefringence power spectrum is the most powerful current method for measuring the anisotropies of the cosmic birefringence and indeed gives the best current constraints [41, 42] . However, we note that several other publications [14, 29, 30, [43] [44] [45] also placed constraints on anisotropic birefringence by analyzing CMB polarization power spectra.
In this paper, we reconstruct the cosmic birefringence (rotation) field from the CMB polarization using a quadratic estimator analogous to those commonly used in measuring the cosmic deflection field due to gravitational lensing. The estimator includes the effect of sky curvature, which will become increasingly important as low-noise and high-resolution polarization maps extend over larger sky regions. We focus on frequencyindependent cosmic birefringence and apply this estimator to data from the Atacama Cosmology Telescope Polarimeter (ACTPol), finding a rotation field consistent with zero within measurement uncertainties. Our limits on polarization rotation are the strongest to date over a wide range of scales.
In Sec. II, we describe our data and simulations for the cosmic birefringence reconstruction. In Sec. III, we explain our reconstruction methodology, and in Sec. IV we explore potential systematic errors that are relevant for the cosmic birefringence analysis. Sec. V shows our † In this paper, we use L to denote the multipole of the reconstructed rotation angle and ℓ to denote the multipole of CMB anisotropies.
results for the reconstructed spectrum and the resulting constraint on the scale-invariant birefringence spectrum. We discuss implications for axion-like particles in Sec. VI.
II. DATA AND SIMULATIONS
We analyze ACTPol nighttime polarization data collected from two seasons of observations taken in 2014 and 2015. These data are described in [2] . In this paper, the constraints on cosmic birefringence anisotropies are derived using data from one region of the sky, which we label D56. D56 spans 456 deg 2 of the sky with the aspect ratio of 1:4 observed in both the 2014 and 2015 seasons at 150 GHz, and in the 2015 season at 90 GHz [2, 46, 47] ; the map has an effective noise level of 14 µKarcmin for polarization. In addition to D56, we also use another region of the sky for a (swap-patch) null test, the region is called BOSS-N; this field was observed during the 2015 season and covers 1633 deg 2 of the sky with an effective noise level of roughly 30 µK-arcmin in polarization. Since the reconstructed cosmic-birefringence fields from the BOSS-N region are roughly an order of magnitude noisier than those from D56, the improvement of the cosmic birefringence constraint by adding BOSS-N is negligible. Thus, we use the BOSS-N data only for a null test. For each region (D56 and BOSS-N), the Fourier-space combined E and B maps are produced from the maps in each frequency, each detector array and season [48] .
We use Monte Carlo simulations for the standard ΛCDM cosmology ‡ to test our pipeline, compute the biases in the power spectrum measurement, perform null tests, and calculate the covariance matrix for the χ 2 PTE and likelihood. The simulation includes realistic effects to mimic the data such as beams and inhomogeneous noise (see [2, 47] for the details). Additional simulations including scale-invariant rotation anisotropies with varying amplitudes A CB (see Sec. V for the definition) are used for pipeline tests and to compute the transfer function for the reconstructed spectrum. To assess the impact of the global polarization angle error on our measurements, we also generate a simulation with an offset in the global polarization angle (see Sec. IV). We obtain a candidate dust map by appropriately scaling the Galactic dust simulation of [50] which provides a non-Gaussian full-sky dust Q/U map at 353 GHz.
III. ANALYSIS
The rotation angle field, α(n), can be reconstructed from the off-diagonal mode-mode covariance within and ‡ The standard cosmology in this paper is the flat ΛCDM model parametrized by the six cosmological parameters with values given by the best fit 2015 Planck parameters [49] .
between, the E and B modes [37] . An estimator of α(n) has a quadratic form similar to the lensing estimator. The power spectrum of the anisotropic rotation angle C αα L can be obtained by squaring the rotation estimator and subtracting relevant biases. We use the curved-sky quadratic estimator to extract the large-scale birefringence anisotropies which are important to constrain the scale-invariant spectrum described later. Verification of the method to measure the cosmic birefringence spectrum applied in this paper is described in [51] for a flatsky analysis. In the extension described here, the estimator in a full-sky formalism employs spherical harmonic transformations instead of Fourier transforms. § In order to account for ground and atmospheric noise, we begin by filtering out the Fourier modes |ℓ x | < 90 and |ℓ y | < 50 of the E and B maps produced by combining seasons, frequencies and arrays in Fourier space [48] . This is the same filter as is applied for the CMB power spectrum and lensing reconstruction analysis [2, 3] . This process is performed using a flat-sky Fourier transform. After transforming back to position space, we assign the filtered E and B maps to the Healpix grids and compute the harmonic coefficients of the E and B modes.
The presence of the cosmic birefringence effect rotates the primordial Stokes parameters as [26, 37] 
Consequently, the rotation angle modifies the CMB E and B modes. The E and B modes are obtained by transforming Q and U maps with the spin-2 spherical harmonics, Y ±2 ℓm , as [52, 53] :
Thus, the E and B modes in the presence of an anisotropic rotation angle are derived by substituting Eq. (1) into the above equation, and are given up to linear order in α by [37, 54] :
with
Here, ζ + = 1, ζ − = i, and p ± ℓ1ℓ2ℓ3 = [1 ± (−1) ℓ1+ℓ2+ℓ3 ]/2 is a parity indicator. The ending parentheses denote the Wigner 3j-symbol. The off-diagonal elements of the covariance induced by the anisotropies of the rotation angle are given by [54] 
where ℓ = ℓ ′ , m = −m ′ , and the operator · · · CMB denotes an ensemble average over the realizations of CMB and noise with a fixed realization of α(n). The weight function is
where C EE ℓ is the lensed E-mode power spectrum. The term originating from the lensing B mode is ignored since the improvement of the sensitivity to the polarization rotation anisotropies by the inclusion of this term is negligible [40] . Similar to the lensing reconstruction, the § The code used for reconstructing the cosmic birefringence in fullsky is based on https://toshiyan.github.io/clpdoc/html/.
unnormalized quadratic estimator of α is constructed as a convolution of the E and B modes with the weight function of Eq. (6) [54] :
Here, E ℓm and B ℓm are the observed multipoles filtered by their inverse variance. We use diagonal filtering,
is the power spectrum of the observed multipoles, X ℓm . The CMB multipoles at 200 ≤ ℓ ≤ 2048 are used for our baseline reconstruction, although we also perform the reconstruction for other multipole ranges as a test of the analysis in Sec. IV. Finally, we correct for the mean-field bias, α LM , and normalize to obtain the rotation angle:
The normalization A L is given by
We compute Eqs. (7) and (9) with a computationally efficient method as described in Appendix A. The mean-field bias could be non-zero due to, for example, survey boundary and beam asymmetry effects [55] (see also Appendix B). We evaluate the mean-field bias by averaging over the standard simulations, finding that the bias is less than 0.5% of the 1σ statistical error of the cosmic birefringence spectrum over the scales relevant to our analysis. Mean-field bias is also induced by the global polarization angle error, which is not included in the standard simulations. We evaluate this effect in Sec. IV and discuss its origin in Appendix B. We note that the quadratic estimator for the cosmic birefringence anisotropies given above is the same as that for the CMB lensing potential, φ, but with a different weight function; In the case of CMB lensing, the offdiagonal covariance of Eq. (5) is given by [38] 
where E and B are the lensed E and B modes, respectively, and f φ is defined as [38] f
The estimator for the CMB lensing potential is then obtained in the same form as Eq. (7) but replacing f with f φ . The normalization is also obtained in the same way. The main difference between the properties of f α and f φ is that f α and f φ are only non-zero when ℓ + L + ℓ ′ is even for f α and odd for f φ , respectively [37] . This property comes from the difference of the parity symmetry between the lensing potential and cosmic birefringence anisotropies. With this property of f α and f φ , our standard estimators can completely separate the cosmic birefringence and lensing potential contributions to the off-diagonal elements of the EB correlation similar to the lensing potential and curl mode decomposition [56] .
From the reconstructed α, the cosmic birefringence spectrum is also estimated in the same way as the CMB lensing power spectrum [3, 57] , but with a few modifications. The power spectrum of the estimator defined in Eq. (8) is a four-point function and has a disconnected (or Gaussian) bias, N 0 L , which is simply due to the original, unrotated CMB anisotropies and is non-zero even in the absence of birefringence [38, 51, 58] . We construct an estimator of the disconnected bias, N 0 L , using a realization-dependent algorithm [55] and subtract it from the power spectrum of the estimator to extract the cosmic birefringence spectrum. For simulations, for convenience we subtract the ensemble average, N 0 L , instead of N 0 L , which makes less than 1% difference in the χ 2 PTE of the reconstructed cosmic birefringence spectrum and the constraints on the scale-invariant spectrum. Using a realization-dependent bias subtraction makes our measurement of the birefringence spectrum robust to possible mismatches between simulation and data.
Using a simulation with non-zero birefringence, we confirm that the cross-spectrum between the input and reconstructed birefringence anisotropies agrees with the input spectrum to within 0.3% for multipoles L ≥ 20, and so we do not apply a transfer function to correct the normalization of the reconstructed spectrum.
In this paper, we compute the cosmic birefringence power spectrum up to L ≤ 2048. At larger L values, the statistical uncertainties of the reconstructed spectrum start to increase significantly. The minimum multipole of the reconstructed spectrum is chosen so that the mean-field bias from the global polarization angle uncertainties is negligible (see Sec. IV).
IV. POTENTIAL SYSTEMATICS
The ACT polarization data have been tested for possible systematic errors in several published or forthcoming papers focusing on the CMB [2] , lensing [3, 59] , and delensed spectra [60] , as well as cross-spectra with galaxy surveys [48] . Here, we further test for potential systematic contamination which could specifically bias the measured cosmic birefringence spectrum. Here and in the following sections, we use 200 realizations of the simulations to evaluate the bandpower covariance matrix for the cosmic birefringence spectrum as well as the chi-square probability-to-exceed (PTE). 
A. Uncertainties in polarization angle measurement
Global polarization angle errors induce non-zero oddparity power spectra [31, 34] . We estimate a constant global rotation angle ψ as follows. Assuming |ψ| ≪ 1, the global rotation angle is related to the polarization spectra as [31] . We compute the angle by minimizing
is the observed value of a b and Cov is the covariance of a b computed from 200 realizations of the standard simulation. With the polarization spectra at 200 ≤ ℓ ≤ 2048, we find that ψ = 0.12 ± 0.06 deg. The 1σ uncertainty of the global rotation angle introduces a significant mean-field bias at very large scales (see Appendix B for the origin of the bias). The mean-field bias only becomes close to the 1σ statistical error of the cosmic birefringence spectrum at L ≪ 20. We therefore exclude the large-scale cosmic birefringence spectrum, L < 20, from our analysis. Note that this scale roughly corresponds to the fundamental mode determined by our patch size. The measured spectrum below this multipole does not have much information on cosmic birefringence signals.
An additional possible concern is variation of polarization angle errors over the field. Variations in relative polarization angles between detectors are calibrated based on optical modeling of the telescope and instrument [61] . In order to obtain variation of polarization angle errors over the field at a significant level, one would require that i) different detectors have significantly different polarization angle errors; ii) the relative weights of different detectors vary strongly over the map (since otherwise differential detector angle errors would be absorbed into the mean); iii) such an effect is not significantly reduced by averaging from repeated scanning (which it should be, as the main driver of the relative detector weight is the atmospheric loading and thermal environment in the telescope, not which sky direction is being observed). Since all of these effects are individually unlikely to be large, the likelihood of all three taking place at a significant level is very small, and we therefore neglect such effects. (This is further motivated by the fact that potential upper limits are not degraded by any such systematic, since the systematic is not correlated with a true birefringence signal; as both birefringence and polarization angle error spectra must give strictly positive contributions to the estimated birefringence power spectrum, the presence of such a systematic would, in fact, imply stronger constraints on cosmological birefringence from a dataderived upper limit.)
B. Galactic foregrounds
The large scale B-modes are significantly contaminated by Galactic foregrounds, and in principle, non-Gaussian polarized foregrounds could also bias the measured birefringence spectrum. We expect minimal direct contamination from the Galactic foregrounds since our analysis removes multipoles below ℓ = 200 from the maps before reconstructing the cosmic birefringence anisotropies. For an accurate estimate of any bias to the cosmic birefringence anisotropies, however, we further test the Galactic foreground contributions to our measurement by adding a simulation of Galactic dust to our standard simulation. In particular, we use 20 different realizations of the Galactic dust simulation provided by [50] in the D56 region for this purpose. We scale the dust polarization maps to our observing frequencies following [62, 63] ; we assume a modified blackbody spectrum for dust and use the dust spectral index and temperature of [63] . We then add the scaled polarization maps to 20 realizations of the input of our standard CMB simulation to produce a set of 20 simulations including dust. Fig. 1 shows the difference spectrum between the simulations including dust and the standard simulations averaged over 20 realizations. The spectrum is further normalized by the 1σ statistical error of the cosmic birefringence spectrum obtained from 200 realizations of the standard simulation. Although we do not yet have sufficient multi-frequency data to fully exclude any impact of Galactic foregrounds, we find that the impact of the dust contribution estimated from our simulations is approximately less than 10% of the 1σ statistical uncertainty at each multipole bin.
C. Null tests
As a null test, we compute the cross spectrum of the reconstructed α obtained from the D56 and BOSS-N fields. The reconstructed cosmic birefringence anisotropies on these two patches should not be correlated and so the cross-spectrum should be zero. Following the same procedures as applied to the D56 field, the harmonic coefficients of the cosmic birefringence anisotropies from BOSS-N are reconstructed using the curved-sky quadratic estimator described in Sec. III and are then cross-correlated with the birefringence map from D56. This null spectrum can serve as a valuable test of whether our error bars are correct. Fig. 2 shows the cross spectrum; we find that the χ 2 PTE of the cross spectrum is within the nominal range, and the spectrum is consistent with null.
For additional null tests, we compute the difference between the baseline analysis and cases with different choices of CMB multipole ranges used for the rotation angle reconstruction. Fig. 2 shows the difference spectra. We calculate the χ 2 PTE for the difference spectra as shown in the figure, finding that the difference spectra are consistent with the null hypothesis irrespective of the choice of the CMB multipole range.
V. RECONSTRUCTED SPECTRUM
After passing the swap-patch and difference spectrum null tests in Sec. IV, we unblinded the reconstructed cosmic birefringence spectrum. Fig. 3 shows the cosmic birefringence spectrum from ACTPol data with errors obtained from the standard simulation. For comparison, the figure also shows the cosmic birefringence power spectra measured from other recent CMB experiments; BI-CEP2/Keck Array [41] , POLARBEAR [40] , and Planck [42] . Compared to other experiments, ACTPol provides the tightest constraint on the cosmic birefringence spectrum at 20 ≤ L ≤ 2048. We compute the χ 2 PTE of our measured spectrum including covariance obtained from simulation and the value is found to be 0.99; this is in good agreement with zero signal. We note that the offdiagonal elements of the correlation matrix for this measurement become ∼ 0.5 at L > 1000 while at lower L, off-diagonal bandpower correlations are negligible. The χ 2 PTE is close to unity; to investigate this further (and test whether this result indicates an overestimate of our error bars), we check the dependency of the χ 2 PTE on analysis choices and summarize in Table I , finding that the value is typically less than 0.95. Note that the values in Table I are not statistically independent from the baseline value since we only modify the analyzed data by a small amount by changing L min (and changing the number of multipole bins does not introduce any new data). However, if we had significantly overestimated our error bars, we would expect that these other scale ranges and binnings would also have very high PTE values. In addition, as described previously, we have performed several null tests where simulations are used to evaluate the scatter, without finding anomalous PTEs. The high χ 2 PTE for the baseline spectrum therefore is likely due to a statistical fluctuation rather than an overestimate of the errors. Of course, if in fact the errors have been slightly overestimated, our limit on the cosmic birefringence will be somewhat conservative.
The minimum CMB multipole used in the cosmic birefringence reconstruction is 200, which is lower than that of the lensing measurement presented in [3] . In that lensing analysis, the CMB multipoles below ℓ = 500 are removed since the simulations are not consistent with temperature data at these scales due to inaccurate atmospheric noise characterization and transfer function estimation. For this analysis, however, the temperature data are not used, and the measured polarization noise spectrum is consistent with simulations for ℓ ≥ 200. In addition, as demonstrated by our null test in Fig. 2 , changing the minimum multipole used does not produce any spurious signals. To further test this, we evaluate the χ 2 PTE of a measured spectrum analyzed with ℓ min = 300, finding that the value effectively does not change from the case with ℓ min = 200; in addition, all our null tests still pass. These facts indicate that the inclusion of low-ℓ CMB polarization does not introduce non-negligible systematics into our measurement.
As an example of the cosmological implications of our measurement, we consider a constraint on the amplitude of the scale-invariant spectrum, C αα L ∝ 2π/L(L + 1), which can be later translated into, for example, a constraint on the coupling constant of an axion-like particle. To constrain a scale-invariant spectrum, we first con- In addition to our work (red), we also show the spectra obtained from POLARBEAR (green) [40] , BICEP2/Keck Array (blue) [41] and Planck (magenta) [42] . The Planck Low-L results are not included due to the error bar size. The lower panel shows a zoomed-in view of our birefringence power spectrum measurement; we also show, with a blue dotted line, the potential bias from a global polarization angle systematic error of 0.06 deg, which is of the same size as the one sigma error from an EB-derived constraint. Since this is difficult to see, for visualization, we have multiplied this angle error bias by a factor 10.
struct an approximate likelihood for the reconstructed cosmic birefringence power spectrum. Although we do not use multipoles at L < 20, the distribution of the power spectrum in the largest bin is asymmetric and is not well described by a Gaussian. Instead, we assume the log-likelihood proposed by [64] :
where
is the amplitude of the quadratic-estimator power spectrum relative to that including the cosmic birefringence signals, C αα b , at each multipole bin, b, and g(x) = sign(x − 1) 2(x − ln x − 1) for x ≥ 0. The power spectrum, C f b , and covariance, Cov bb ′ , are evaluated by the mean and variance of the quadratic-estimator power spectrum from the standard simulation, respectively. Note that we further introduce parameters, c 0 b , c 1 b , to make the above likelihood closer to that obtained from the simulation. We compute c 0 b and c 1 b by fitting the histogram of A b from the simulation using Eq. (12) at each bin. (We verified that the values of c 0 b and c 1 b only varied by negligible amounts using simulations containing different levels of birefringence signal.) Using Eq. (12), we compute the likelihood for the amplitude of the scale-invariant power spectrum defined by L(L + 1)C αα L /2π = A CB × 10 −4 . Assuming a flat prior for A CB ≥ 0, we then obtain the 2σ upper limit on the amplitude as A CB ≤ 0.10. This constraint improves the previous best constraints by a factor of between 2 and 3 [41, 42] . Note that, for the scale-invariant power spectrum, the constraint on its amplitude is mostly determined by the largest-scale multipole bin; removing the first multipole bin centered at L = 47 degrades the constraint considerably.
VI. DISCUSSION
Our measured spectrum can be used to constrain various models which lead to cosmic birefringence anisotropies. As an example, we consider the following interaction between axion-like particles and photons in the Lagrangian [65] :
where g αγ is the Chern-Simons coupling constant between the axion-like particles and photon, a is the axionlike particle field, F µν is the electromagnetic field, and F µν is its dual. The presence of axion-like particles produces a rotation of the polarization angle as [65, 66] :
where ∆a is the change in a over the photon trajectory. Fluctuations in the axion-like particle field lead to the spatial variation of α. If the axion-like particle is effectively massless during inflation, the primordial power spectrum of the fluctuations of the axion-like particle field is scale-invariant. As a result, the cosmic birefringence power spectrum becomes a scale-invariant spectrum in the large-scale limit (L 100) [24] :
Here, H I is the inflationary Hubble parameter and is related to the tensor-to-scalar ratio, r, as H I = 2πM pl A s r/8 ≃ √ 4r × 10 14 GeV where M pl ≃ 2 × 10 18 GeV is the reduced Planck mass and A s ≃ 2 × 10 −9 is the amplitude of the primordial scalar perturbations (see, e.g., [67] ). An axion string network produces a similar scale-invariant spectrum as shown by [13] . Using Eq. (15), our A CB constraint can be translated into constraints on coupling between axion-like particles and photons as g aγ ≤ 4.0 × 10 −2 /H I (10 −33 eV m a 10 −28 eV) .
The coupling constant is related to the decay constant, f a . In string theory models, typically f a ∼ 10 16 GeV, although it could be the Planck energy scale. Assuming g aγ ∼ 10 −3 /f a [10] , the constraint in Eq. (16) can be translated into a constraint on f a as 10 −6 f a /H I . A detection of the tensor-to-scalar ratio in a future CMB experiment, which would determine H I , would put a lower bound on f a from the CMB cosmic birefringence.
Our measured spectrum can also be used to constrain other possible sources of the cosmic birefringence proposed by [14, 15] , although constraining these other sources is beyond the scope of this paper.
Measurements of anisotropic cosmic birefringence can be of great importance for testing new physical theories of the early Universe. Future CMB experiments such as the BICEP Array [68] , CMB-S4 [69] , LiteBIRD [70] , Simons Observatory [71] , and SPT-3G [72] will measure cosmic birefringence anisotropies even more precisely [73] . In these experiments, a curved-sky polarization analysis, as we have presented here, will be necessary to tightly constrain a scale-invariant spectrum of cosmic birefringence anisotropies, which is one of the physically bestmotivated spectra. ACKNOWLEDGMENTS TN thanks Ryo Nagata and Levon Pogosian for helpful discussions. Some of the results in this paper have been derived using a dust simulation generated by [50] and public software of the healpy [74] , HEALPix [75] , and CAMB [76] .
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Unnormalized quadratic estimator
The unnormalized quadratic estimator is given by
Using the properties of the Wigner 3j-symbols and the relationship between the Wigner 3j-symbols and spherical harmonics, we obtain
Substituting the above equation to Eq. (A1), we obtain the separable form of the quadratic estimator;
where we define the real quantities, Q E , U E , Q B and U B as
Normalization
The estimator from the previous section must be normalized (see Eq. (8)). Here we extend the method for lensing and delensing used in [77] to cosmic birefringence. The inverse of the normalization is given by
where we define a ℓ = 1/ C BB ℓ and b ℓ = ( C EE ℓ ) 2 / C EE ℓ . Using the relation between the Wigner 3j-symbols and Wigner d function, we obtain
where we define
Appendix B: Mean-field bias in the presence of a global polarization angle error
Here we describe how the global polarization angle error introduces the mean-field bias in the rotation estimator. Assuming non-zero C EB ℓ , the off-diagonal elements of the EB correlation induced by lensing have the following additional term containing C EB ℓ ;
where f φ ℓLℓ ′ is the usual weight function of the EE quadratic estimator for lensing [38] but replacing the EE with the EB spectrum. For the finite sky coverage, the window function also produces off-diagonal correlations as
where f ǫ ℓLℓ ′ is the usual weight function of the EE quadratic estimator for window [55] but replacing the EE to the EB spectrum. The above equations indicate that, if C EB ℓ is non-zero due to a global polarization error, the lensing and window introduces the following mean-field bias;
We can construct a bias-hardened estimator for α in a similar way as [55] . However, the signal-to-noise of the bias-hardened estimator is significantly degraded.
